Simulation of the dynamics of dust-gas circumstellar discs is crucial in understanding the mechanisms of planet formation. The dynamics of small grains in the disc is stiffly coupled to the gas, while the dynamics of grown solids is decoupled. Moreover, in some parts of the disc the concentration of the dust is low (dust to gas mass ratio is about 0.01), while in other parts it can be much higher. These factors place high requirements on the numerical methods for disc simulations. In particular, when gas and dust are simulated with two different fluids, explicit methods require very small timestep (must be less than dust stopping time t stop during which the velocity of a solid particle is equalized with respect to the gas velocity) to obtain solution, while some implicit methods requires high temporal resolution to obtain acceptable accuracy. Moreover, recent studies underlined that for Smoothed particle hydrodynamics (SPH) when the gas and the dust are simulated with different sets of particles only high spatial resolution h < c s t stop guaranties suppression of numerical overdissipation due to gas and dust interaction.
Introduction
Simulation of the dynamics of circumstellar discs is crucial in understanding the mechanisms of planet formation. The state-of-the-art models of formation and evolution of circumstellar discs include a variety of physical processes: dynamics of a two-phase medium (gas and solid particles) in the field of the star and in their own gravitational field, radiation transfer, chemical processes, effects An example of this approach is the inclusion of the dust dynamics in the supercomputer codes for simulation of formation and evolution of the circumstellar discs. At the early evolution stages the circumstellar disc matter consists above 95% gas and one up to several % dust (e.g. Williams and Best (2014) ). Gas dynamics processes in discs (for example, the formation of gas giants, episodic bursts of young stars) are modeled on the base of NavierStokes equations with turbulent viscosity. However, computer simulations of terrestrial planet formation require the introduction of dust dynamics models together with gas dynamics. Tiny dust particles and centimeter size objects are often simulated in the disc model with Euler equations for gas dynamics with zero pressure. Gas and dust are dynamically coupled by gravitation field and interact through drag force. Drag force causes the momentum transfer between dust and gas. The computing of drag force between gas and dust in the circumstellar discs appeared to be a sophisticated computational challenge.
Its highlights are given in Section 2.
In this paper we introduce a novel method for treating gas and dust mixture in two-fluid Smoothed particle hydrodynamics simulation (TFSPH).
This method suggests that gas and dust medium is simulated with two different sets of particles. Contrary to previous TFSPH methods (e.g. Monaghan and Kocharyan (1995) ; Lorén-Aguilar and Bate (2014)), the scheme both conserves momentum locally and allows computationally fast semi-implicit integration. The latter grants overcoming prohibitively strict temporal and spatial resolution criteria known for small grains (see Section 2 for details).
Moreover, the method allows for inclusion of the dust dynamics into parallelized codes for gas discs simulation on the base of SPH.
In Section 3 we specify the continuity equations and equations of motions of the gas and in a circumstellar disc.
In Section 4 we describe the known approaches to the computing of drag force for the two-fluid SPH and outline our own developed method. In Section 5 we specify the tested numerical schemes for the problem. In Sections 6 and 7
we describe the test problems, and in Section 8 we present the results of calculations. Conclusions and directions for further research are summarized in Section 9.
Numerical simulation of dust dynamics in circumstellar discs. Existing approaches and problems
The dust stopping time t stop , during which the velocity of a solid particle is equalized with respect to the gas velocity, presents a characteristic time scale of the problem. If explicit methods are used for the integration of the equations of motion for a separate particle or for a dust cloud, then the time step τ must satisfy the condition (see, e.g. Stoyanovskaya et al. (2017b)) τ < 2t stop .
(1)
The dust stopping time t stop depends on the size of a particle. In the Epstein drag mode of the diluted gas flow about a solid body (according to Epstein (1924) s < 2.25λ, where λ is the mean free path of a gas molecule, s is the radius of a spherical dust particle) it is determined by the equation (e.g. Rice et al. (2004) ):
where ρ s is the material density of the dust (not a volume density), ρ g is the volume gas density in the circumstellar disc, c s is the sound speed in a gas.
At early stages, the dust particles in the disc have typical sizes from 1 µm to few cm. For the particles with sizes about 1 µm the time t stop in the disc is about 100 sec (see, for example, Stoyanovskaya et al. (2017b) ; Laibe and Price (2012a) ); however, we want to simulate the disc dynamics for 10 4 years or more. This means, that in view of (1), the numerical solution of the nonstationary equations for the gas and dust medium, expanded for typical times of the disc dynamics with explicit integration schemes would require about 10 10 time steps. To get rid of such a huge computational costs a quasistationary approach is often used for the simulation of tiny dust particles. In this approach, the dust velocity at the moment τ t stop is calculated from the algebraic quasistationarity condition, relating the dust and gas velocities, rather than from the solution of a differential equation of motion. On the other hand, for bodies with sizes about 1 cm t stop is of the order of 10 6 sec, which is compatible with the orbital period of a particle with orbital radius of 1 au. For those bodies the quasistationary approach is unjustified.
Therefore, the need for development of numerical methods arises, allowing for integration of the equations of motion for the dust with time step τ , determined only by the Courant condition for gas dynamics, rather than by t stop .
Such schemes employ implicit algorithms for drag computing, e.g. Monaghan (1997) , or analytic integration of equations for the dust velocity field in every point of the space, e.g. Lorén-Aguilar and Bate (2015) . The methods for solution of the equations of motion for the dust, based on these concepts, are used in Bai and Stone (2010) ; Zhu et al. The next challenge is the transition from dilute to dense particulate flows. If the dust to gas mass ratio ε = ρ d ρ g does not exceed several percents, it is possible to take into account only the effect of drag force from gas on dust, neglecting the backreaction of the dust with a tiny total mass on the dynamics of the massive gas. The dust to gas mass ratio ε ≈ 0.01 is characteristic for molecular clouds forming discs. However, in certain areas of the disc (spiral arms (Rice et al., 2004) , inner parts of the disc , self-gravitating gaseous clumps (Cha and Nayakshin, 2011; Humphries and Nayakshin, 2018) ) the dust concentration with respect to gas can increase essentially. In this case, the equation for gas motion must be completed with a term, describing the exchange of momentum with dust particles. In a medium with high drag coefficient between gas and dust at elevated dust concentration an adequate computing of the momentum transfer from dust to gas is a challenge (e.g. Lorén-Aguilar and Bate (2014); Laibe and Price (2014) ; Ishiki et al. (2017) ; Yang and Johansen (2016) ; Vorobyov et al. (2018) ).
In particular, Vorobyov et al. (2018) applied a gridbased method (Stone and Norman, 1992) for simulating the dynamics of gaseous and dusty components of a disc.
Gas and dust characteristics were determined in the same space points. A first order implicit scheme (e.g. Cha and Nayakshin (2011)) with operator splitting was applied for calculation of mutual drag between gas and dust. The numerical methods were tested on the problem of sound wave propagation (Laibe and Price, 2012a ) and on the shock tube problem (Sod, 1978; Laibe and Price, 2011) .
It was found that for a system with mutual momentum transfer between gas and dust, the applied scheme required a time step τ much smaller than the t stop . However, if only the impact of gas on the dynamics of dust is taken into account (neglecting the backreaction of dust on the gas dynamics) the elaborated scheme yielded satisfactory results on these test problems without strict limitations for the time step used. In Stoyanovskaya et al. (2018); Ishiki et al. (2017) the examples of schemes are given, which solve this problem for grid methods in a medium consisting of a mixture of gas and monodisperse dust.
Moreover, Laibe and Price (2011) have found, that for the same test problems, treated with SPH method (Monaghan and Kocharyan, 1995) , obtaining solution with an acceptable level of dissipation requires too small spa-tial resolution. More specifically, in the numerical model (Laibe and Price, 2011 ) gas and dust were described by separate groups of model particles (TFSPH) . If the drag coefficient between gas and dust is high enough, and the dust concentration is elevated (that is ε ≈ 1), an adequate accuracy is obtained only with the smoothing length h, satisfying the condition
From (3) it follows that the smoothing length for the simulation of micron size dust must be of the order of 10 km, while a typical size of the circumstellar disc is 1.5 × 10 10 km. It is clear that such a spatial resolution is nowadays beyond the capabilities of computation hardware.
The solution for the mentioned problems for numerical models, based on smoothed particles hydrodynamics, was suggested in Laibe and Price (2014) with use of the transition towards a one-fluid model of the two-phase medium.
In this approach, the system of equation for the two-phase gas and dust medium is formulated in the following variables: density of the carrier gas, dust to gas mass ratio, barycentric velocity of the medium and relative velocity of gas and solid particles. Therefore, instead of model particles of two types (gas and dust particles), model particles of a gas-dust medium are considered which carry the properties of both phases.
On the other hand, the two-fluid approach has an advantage over single-fluid systems, if the drag force between gas and dust are weak, so dust particle velocities can essentially differ locally. In Lorén-Aguilar and Bate (2014, 2015) ; Booth et al. (2015) the authors developed an approximation within the two-fluid approach for consideration of drag force (see Section 4 for details) and applied a semi-analytical technique for the solution of the equation of motion for dust and gas. As a result, the restrictions for selection of the smoothing length (3) could be weakened for the simulation of media with high dust concentration of small grains. Lorén-Aguilar and Bate (2014) have found, that the obtained dissipation in their solutions for a gas-dust medium is smaller compared to the scheme of Monaghan and Kocharyan (1995) . However, their dissipation exceeds the dissipation in a gas due to introduction of artificial viscosity. Therefore, further development of fast and exact methods for numerical simulation of gas and dust media on the base of two-fluid smoothed particle hydrodynamics still remains a topical challenge.
We note also that for a gas-dust medium with polydisperse dust a method for dynamical simulation MULTI-GRAIN (Hutchison et al., 2018) was developed on the base of one-fluid approach in SPH taking into account backreaction of dust on the gas velocity. Besides that, fast method to compute polydisperse dust and gas velocities was obtained in Stoyanovskaya et al. (2018) for grid-based approach.
We underline that an important requirement for all suggested algorithms is the possibility of their incorporation into already available supercomputer simulation models of gas discs without need for alterations in their core methods of gas dynamics simulations. For example, this requirement is violated, if the transition to the conservative form of equations is required. A scheme for equations in a two-phase medium in a conservative form was developed by Miniati (2010) .
3. Continuity and motion equations for the gasdust medium of the circumstellar disc
In the present paper we consider a polytropic model for gaseous component of the disc. We assume that gas flow is described by two-velocity model (e.g. Marble (1970) ; Nigmatullin (1990) ), where gas and dust exchange their momentum. Thus the continuity and motion equations for the dust and gaseous components have the following form:
where ρ g and ρ d are volume densities of gas and dust, v and u are velocities of gas and dust, P is the gas pressure, g is the gravitational acceleration, K(v − u) is the drag force between gas and dust. For the conditions of an circumstellar disc according to Laibe and Price (2012b) ; Weidenschilling (1977) the drag coefficient can assume various forms depending on the ratio between the dust grain size s and mean free path of a molecule in the gas λ. For most parts of the disc (for detail estimations see, e.g. Stoyanovskaya et al. (2017b) ) the Epstein drag mode of the interaction between gas and dust takes place, where
and t stop is determined by (2). In this mode the drag force is a linear function of the relative velocity of gas and a solid body. Within the scope of the paper we consider only this drag mode, leaving non-linear Stokes regimes (Weidenschilling, 1977) for further studies.
The equation (5) means, that the dynamics of the dust component of the disc is described in terms of a continuous medium with zero pressure and viscosity. The gas component of the disc occupies the entire available space, and the dust component has zero volume. This form of equation is a particular case of the dynamical equations for a gas-dust medium. In the other applications of the dynamics of gas and dust medium, for example, in the reactor simulations with pseudofluidized catalyst layer, the dust phase occupies a finite volume (Monaghan and Kocharyan, 1995) , and the dust velocity is affected by the stress tensor in the dust component (Xiong et al., 2011) .
Computing drag force within TFSPH
In the system (4)- (5) the dust and gas are coupled via the drag force, depending on the relative velocity between gas and dust phases. If the velocities of dust and gas are known in the same points of space (grid methods, onefluid smoothed particle hydrodynamics (Laibe and Price, 2014) ), then the relative velocity in these points can be determined uniquely. If gas and dust are modeled by different sets of particles, several methods are available for the computing of the drag force between the phases.
A classical method for the calculation of the drag force within the smoothed particle hydrodynamics was introduced by Monaghan and Kocharyan (1995) , further referred to as MKD (Monaghan-Kocharyan Drag) . This method is based on the computing of the relative velocity between each pair of particles of gas and dust ( (2015); Rice et al. (2004) .
We propose to use the concept of the Particle-in-Cell method of simulation of gas-dust flows (Andrews and O'Rourke, 1996) for the computing of drag force. This concept is based on the idea of splitting the whole computational domain into nonoverlapping cells (a regular Cartesian or cylindrical coordinate grid can be used, but this is not a requirement) and calculating the averaged gas and dust velocities and densities within each cell. Next, the drag force affecting each particle can be calculated from the velocity of this particle and volume averaged parameters of the gas and dust medium ( Fig.1 , right panel). We will call this method DIC (Drag-In-Cell).
In this article we compare MK and DIC methods from force term is computed, using values of gas and dust particle, and than averaged with SPH interpolation technique. Arrows from particle to particle indicates interpolation of dust values into gaseous particle (and vice versa) before computing the local drag term.
the point of view of their feasibility for the simulation of the coupled dynamics of gas and dust, interacting in the 
Compared schemes
In this Section we specify the compared schemes for the solution of the equation of motion for gas and dust (4)- (5) in the SPH standard notation. Let n be the number of the time step. Following the convention, given in Monaghan and Kocharyan (1995), we shall use a, b as indices for gas particles, and j, k as indices for dust particles. For example, ρ a,g , v a , r a , P a denote density, velocity, coordinate and pressure of gas in the point with number a; ρ j,d , u j , r j denote density, velocity and coordinates of the dust in the point with number j.
Explicit Monaghan-Kocharyan (MK) scheme
The classical SPH approximation for the equations of motion (4)- (5) for the gas-dust medium (Monaghan and Kocharyan, 1995) is based on the MKD method. We have
implemented it in such a way, that the term, describing drag, uses the values of velocities from the previous time step:
where r ja = r j − r a , η is a clipping constant, η 2 = 0.001h
Novel SPH-IDIC scheme: implicit Drag-in-Cell
The second scheme is different from (7)- (8) 
thus defining
We assume, that in the computing of the drag force, affecting the dust from the gas, the gas velocity is the same within the whole cell and equal to v * , but the dust particles have different velocities (and vice versa). Besides that, we shall calculate the drag coefficient and densities, using calculated values from the previous time step, while the relative velocity will be used from the next step. The scheme thus has the following form:
If the time derivative in (12)- (13) is approximated by the first order finite difference, then a fast way for computing of u n+1 , v n+1 can be proposed (see Appendix A).
In the next Section we describe the test problems to be used for comparison of the approaches (7)- (8) and (12)- For an isothermal medium the system of equation (4)- (5) takes the following form:
The steady solution of the system (15)- (17) is given by the functions
Consider the solution to the system (15)- (17) on the interval x ∈ [0, 1] with positive sound speed, setting periodic conditions by x for the solutions on the left border:
and initial data as small perturbations of stationary density and velocity (18):
Here k is wave number, defining the integer number of sine waves of density and velocity on the interval [0, 1], A is the perturbation amplitude. In the vicinity of (18) the linearized system (15)- (17) for perturbations has the form:
The reference solution of the linearized system (22)- (24) is given in Laibe and Price (2011) , who also shared the code for generation of this solution, which we used here.
For simplicity, in what follows we shall refer to the reference solution of the linearized system (22)- (24) as the analytical solution of DustyWave problem.
The linearized system (22)- (24) has an analytical solution for dusty gas mixtures with both small dust grains (strong drag) and large bodies (weak drag). This key feature of the problem allows it to be used for assessment of the applicability of the method for simulation of a solid phase with arbitrary size of particles.
Numerical algorithm, boundary and initial conditions
The continuity equations for dust and gas are approximated in a standard way within SPH:
Most of test runs are done with cubic spline kernel, that is classical for SPH and used in astrophysical (e.g. Barrière-Fouchet et al. (2005) ; Gonzalez et al. (2017) ) and industrial (e.g. Xiong et al. (2011) ) simulations:
where q = |r For this reason in Section 8.4 we compared cubic spline and quintic kernel results. We used quintic kernel
with radius of support domain h (ξ = 1 3 , σ = 3 5 40 ) (Dehnen and Aly, 2012) and 3h (ξ = 1, σ = 1 120 ) (Price, 2012) .
In the spatial points, occupied by gas particles, the pressure is calculated as P a = c 2 s ρ a,g . The artificial viscosity is not introduced in this test problem, that is Π ab = 0.
The time integration of the equations of motion (7)- (8), (12)- (13) is performed with an explicit first order approximation scheme. The time step is determined from the Courant condition:
where CF L is the Courant parameter.
The initial distributions of gas and dust velocities are set as u 0 = v 0 = A sin(2πx), gas density ρ g,0 = A sin ( that is ρ 0 (x) =ρ + A sin(2πx), we used the recurrent procedure of the model particles placement. The first particle is placed into the origin of the coordinates x 1 = 0, and the coordinate of the next particle is calculated from the
where N ph is the number of model gas or dust particles.
After all x i are determined, each particle is shifted to the right by a value ∆x i .
In the initial time moment the particles are located within the interval [0,1], and the coordinates of gas and dust particles coincide. To ensure the periodic boundary conditions (19) for each time step, the particles from the interval were cloned with placement them at a distance, equal to the length of the interval, to the left and to the right.
If not otherwise specified, the calculations use an equal number of gas and dust particles N total = 2 × 600, a constant smoothing length h = 0.01 and the time step τ = 0.001, ensuring CF L = 0.1.
7. Test 2. Dustyshock -shock tube problem for gas and dust medium
Problem statement. Reference solution
In this Section we consider the shock tube problem as a classical test for gas dynamics solvers, which is often ref-
erenced as Sod test (Sod, 1978) . The modification of this problem is also often used for testing computation schemes for two-phase media, for example, Laibe and Price (2012a); Saito et al. (2003) . The one-dimensional equations for conservation of mass, momentum and energy in the gas-dust medium have the following form in the notations of Section 3:
where e is the internal energy (temperature) of the gas, related in the following way with its pressure:
For the system (30)- (33) 
We shall consider the case, when the drag term in the r.h.s. of (31) essentially exceeds the term with the pressure gradient. This allows to exclude the quadratic term (u − v) 2 from consideration in the equation (33), since it is of the second order of smallness with respect to (u − v).
Numerical algorithm, boundary and initial conditions
The continuity conditions are approximated with equations (25)-(26), the kernel is chosen in the form (27), as in the case of the DustyWave problem.
The SPH approximation of the energy equation with artificial viscosity are taken in the form:
where
We have used standard parameters of the artificial viscosity α = 1, β = 2, ν = 0.1h (Monaghan, 1992) .
The time integration of the equations of motion (7)- (8), (12)- (13) and energy (36) is performed with an explicit first order approximation scheme.
As initial data we set the values for the left and right domains at zero time:
[ρ r , P r , v r , e r ] = [0.125, 0.1, 0, 2],
The initial dust to gas mass ratio is set ε = 1. If not otherwise specified, 990 gas and 990 dust particles is used: 
Results and discussion
In this Section we compare the numerical solutions, obtained from MK and SPH-IDIC methods for different values of drag coefficient (from weak to stiff drag).
For the cases when reference solution of the problem is available, we quantify the scheme error using L 2 norm: 
The MK scheme was implemented with a constant drag coefficient K.
The results presented in this Section were obtained from running our developed codes, written is C language.
To download the codes please use the links https://bitbucket.org/astrosolvers/dustywave/downloads/, https://bitbucket.org/astrosolvers/dustyshock/downloads/ (available for public access) or clone the corresponding git repositories. The codes were developed to test the features of different schemes on one-dimensional problems, however, it were not specially optimized by performance.
Comparison of schemes on problems with weak and moderate drag
Primarily, we compared the results obtained with the MK and SPH-IDIC schemes under the same spatial resolution, when t stop is comparable to or much greater than the dynamical time scale of the problem. In Fig.2 we present the analytical and numerical solutions to the DustyWave problem at the time moment t = 0.5 for K = 0.005 (top panels) and K = 0.5 (bottom panels). Left panels present the dust velocity, right panels are for gas velocity. In both cases the numerical solution is close to the analytic one. In the mode with practically no coupling between the gas and Obviously, the computation with such an enhanced resolution is free of the dissipation of gas and dust velocities.
The similar effect occurs for the numerical solution of the DustyShock problem as well. Four left panels in Fig.5 present the numerical solution of the DustyShock problem for the time moment t = 0.2 for stiff drag with K = 500.
In this case, t stop = 0.002 t, therefore to estimate the accuracy of the numerical solution, we can use a reference solution with c * s for a gas-dust medium (35). Two left panels show the numerical solution with h = 0.01, violating the condition (3). It is seen, that for both dust velocity and gas density an over-dissipation is observed. As can be noted from the bottom left panel, the scale of dissipation for the solution exceeds 10 times the smoothing length h.
We note that for the shock tube problem in gas with the same values h and τ such a dissipation is not observed (see Fig.6 and Section 8.3). When the smoothing length was decreased to h = 0.001 (the number of model particles was increased 10 times), the dissipation disappeared.
Right panels of Fig.5 show the results of the solution of the same problem with the SPH-IDIC scheme. The step h is selected to be the same, as for the calculations with MK on the left panels of Fig.5 , it is seen, that for stiff drag, under similar spatial resolution, the results of the SPH-IDIC scheme essentially differ from those within the MK scheme. An over-dissipation, observed in the MK scheme, is absent in the calculations according to the SPH-IDIC scheme, however, a weak nonmonotonicity in the dust velocity appears.
The absence of over-dissipation in the SPH-IDIC scheme also follows from the right panels of Fig.4 , where the numerical solutions to the DustyWave problem with the smoothing length h = 0.01 and h = 0.025 are shown. Comparing left and right panels of Fig.4 we see, that at h = 0.025 the wave amplitude from the MK scheme is 30% less, than the reference value. Meanwhile, the error within the SPH-IDIC scheme does not exceed several percents. We underline also, that the numerical solution at h = 0.025 was obtained with τ > t stop due to the use of implicit drag approximation in SPH-IDIC.
Thus, we conclude, that for all tests the numerical solutions obtained with the MK scheme yield an overdissipation for mixtures with high dust concentration and stiff coupling between the gas and the dust. This coincides with the results of Laibe and Price (2011) (see Fig. 8 and Fig. 12 of their article) and Lorén-Aguilar and Bate (2014). On the other hand, the SPH-IDIC scheme is free from that over-dissipation when similar spatial resolution is used. Besides that, Laibe and Price (2012a) proposed to use different kernels in the calculation of the pressure and drag forces. In particular, they achieved an increase in accuracy of the method, taking a quintic or double-humped kernel for the drag force (Fulk and Quinn, 1996) .
The design of the SPH-IDIC method also allows for different values of the smoothing length and typical cell size h cell , in which the drag is calculated. Varying h and h cell in the SPH-IDIC scheme we revealed, that for mixture with high dust concentration and stiff drag, the quality of the numerical solution depends on the ratio between the smoothing length and cell size. For one-dimensional test problems, considered in this paper, we have found, that an optimal smoothness is achieved for h cell = 0.5h. for the shock and rarefaction waves in the gas medium is close to the analytical one, the dissipation is manifested only weakly (for comparison, see two left panels in Fig.5 ).
However, in the vicinity of the contact discontinuity, both (2003)). In the paper we just ensured, that the SPH-IDIC method for a gas-dust medium does not increase the error of the solution around the contact discontinuity. To this end we compared the numerical and analytical solution of the shock tube problem in a gas with given above initial data and parameters. The results are visualized on four bottom panels of Fig.6 . On the bottom left panel of Fig.6 it is seen, that the internal energy drop is the same for gas and gas-dust medium.
Moreover, the dissipation for the wave fronts in the gasdust medium with high dust concentration and stiff drag is manifested weaker compared to the gas medium. The dissipation of wave fronts in gas is a consequence of the introduction of the artificial viscosity into the equations of gas motion. However, the artificial viscosity is not included into the equations for dust. As a result of high drag in a medium with high dust concentration, the gas velocity appears to be close to the dust velocity, which decreases the dissipation.
Kernel and accuracy comparison
To study the influence of kernels on the accuracy of re- for DUSTYWAVE problem with stiff drag K = 500 and high dust concentration ε = 1. M 4 is the cubic spline kernel, M 6 is the quintic kernel. N total = 2 × 600 SPH particles. In this Section we consider the principal differences in the properties of the involved schemes, which, to our opinion, result in essentially different level of dissipation at stiff drag. We suppose, that this difference consists in the conservative properties of the used numerical schemes, which is related to the law of momentum conservation as one of the principal conservation laws for physical quantities.
M4-2h M6-h M6-
First, we shall show, that for the system (4)- (5) 
from (4)- (5) we obtain the system for u and v ∂v ∂t
If a g = 0, a d = 0 and ε = const, which corresponds to a limiting value of t stop = 0, it follows from (40), that
Evidently, if (41) is valid for an arbitrary Eulerian volume, it is valid for the whole domain.
In the MK scheme the calculation of the drag force is performed on the base of a pairwise symmetric interaction of gas and dust particles. The formulas are designed to ensure that the momentum is exactly conserved for the whole computational domain in the numerical solution, that is
where the summation by a and j is performed for all particles. It is evident, that (42) is a discrete analog of (41), if the whole domain is taken as a volume in (41). However, this does not imply the fulfillment of the condition (42) for an arbitrarily selected volume.
In the SPH-IDIC scheme the drag is calculated using particle allocation into Eulerian volumes or cells. For each of the selected cell the fulfillment of (42) with summation over all particles in this cell takes place. Indeed, if we set
From (10), (44) and (45) the validity of (42) for the considered cells follows directly.
The obtained results point at the fact, that a scheme, where the momentum conservation law is ensured locally, not only globally, is free from the over-dissipation of the numerical solutions in the tests considered here. A summary of computational approaches for the drag force is given in Table 4 . Within TFSPH, gas and dust phases are simulated with two separate sets of particles. We considered the dust to be monodisperse, that is containing only grains with one typical size. In SPH-IDIC, the pressure force is calculated via a standard SPH approximation. To calculate the drag force, the particles are allocated into nonoverlapping densely spaced volume cells. For each cell, averaged parameters of the gas-dust mixture are calculated. Drag forces, acting on every gas or dust particle, is calculated with use of the individual velocity of a particle and averaged by volume cell characteristics of the gas-dust mixture.
The method is designed so, that for the case of linear dependence of the drag force on the relative velocity (i.e.
Epstein drag mode) following requirements are met:
(1) it is ensured, that for every local volume the momentum, lost by the gas due to drag force, will be equal to the momentum, gained by the dust subsystem due to drag force, (2) implicit drag is implemented in a computationally fast way.
We have compared the suggested SPH-IDIC method with an explicit method of Monaghan and Kocharyan (1995) , which is classical for TFSPH approaches. We have shown, that both methods yield similar results for media with high dust concentration and weak drag (large grains). We have also shown, that for mixtures with high dust concentration and stiff drag (small grains), resolution condition h < c s t stop is crucial to avoid numerical overdissipation for Monaghan and Kocharyan (1995) scheme but is not required for SPH-IDIC scheme. Moreover, SPH-IDIC scheme decreases the level of dissipation due to artificial viscosity in shock simulations.
Therefore, the SPH-IDIC method can be considered as a promising tool for the simulation of the dynamics of gas-dust mixture with arbitrary dust concentration and arbitrary sizes of dust grains. The following steps are considered as prospective directions for future research efforts:
(1) determining the accuracy of numerical solutions depending on the partitioning of the domain into cells, and number of gas and dust particles in a cell.
(2) testing the method on two-dimensional and threedimensional problems, determining the most efficient al- Performing the summation in the equation (12) 
